Single molecule magnets (SMMs) with single-ion anisotropies d, comparable to exchange interactions J, between spins have recently been synthesized. In this paper, we provide theoretical insights into the magnetism of such systems. We study spin chains with site spins, s = 1, 3/2 and 2 and on-site anisotropy d comparable to the exchange constants between the spins. We find that large d leads to crossing of the states with different MS values in the same spin manifold of the d = 0 limit. For very large d's we also find that the MS states of the higher energy spin states descend below the MS states of the ground state spin manifold. Total spin in this limit is no longer conserved and describing the molecular anisotropy by the constants DM and EM is not possible. However, the total spin of the low-lying large MS states is very nearly an integer and using this spin value it is possible to construct an effective spin Hamiltonian and compute the molecular magnetic anisotropy constants DM and EM . We report effect of finite sizes, rotations of site anisotropies and chain dimerization on the effective anisotropy of the spin chains.
Introduction
In the area of magnetism, single molecule magnets (SMMs) have attracted wide attention for their promise as qubits in quantum computers [1, 2] . Among different materials that are being explored for representing a qubit, SMMs are fascinating because (1) it is easy to chemically control and tailor their molecular structure and properties and (2) atomic arrangement in each qubit is identical. SMMs are metallo-organic complexes containing transition metal ions (eg.: M n 3+ , M n 4+ , N i 2+ , F e 3+ etc.) [3] [4] [5] or lanthanide ions (eg.: Dy 3+ , T b 3+ etc.) [6] [7] [8] [9] [10] [11] or a combination of both as active spin *Corresponding author e-mail: ramasesh@sscu.iisc.ernet.in centers. The exchange pathways between the magnetic centers are provided by simple ligand groups such as R = (OH) − , (CN ) − and O 2− . SMMs are characterized by high ground state spin (S g ) and large uniaxial magnetic anisotropy mainly coming from the spin-orbit interactions within the ion centers. Contribution of magnetic anisotropy to the spin Hamiltonian, for weak anisotropic interaction is given bŷ
where, D M is the axial anisotropy and E M is the transverse anisotropy, S is the total spin of the state andŜ x ,Ŝ y andŜ z are the total spin operators. An essential requirement for a high spin molecule to be a SMM is that D M < 0 and |D M | >> E M .
In the absence of any anisotropy, the ground state of the molecule is (2S g by |D M |M 2 S is sufficiently large, then the magnetized state is trapped in one of the wells, below a blocking temperature, T B . The transverse anisotropy E M is responsible for tunneling of magnetization from one well to another. The spins can also relax by climbing over the barrier through spin-phonon interactions or the Orbach process at high enough temperatures [12] . Below T B , SMMs exhibit magnetic hysteresis like in bulk ferromagnets and are hence considered as quantum analogues of classical magnets.
These properties of SMMs have raised the hope of realizing molecular materials for quantum computing [13] , spintronic [14] [15] [16] and high density data storage applications.
Besides, SMMs are also being pursued to understand the rich physics behind quantum phenomena like quantum tunneling of magnetization (QTM) and quantum coherence [17, 18] . The grand challenge in this field is to raise the temperature below which these molecules can be used as qubits. This requires raising the energy barrier for the spin to crossover from one well to another, which can be achieved by simultaneously large S g and a large negative D M . Theoretical modeling of anisotropy of SMMs is thus necessary to design systems with large anisotropy.
One approach to enhancing T B is to synthesize single chain magnets (SCMs) in which the metal ions and bridging ligands are arranged on 1-dimensional lattice [19] [20] [21] [22] [23] [24] . These SCMs can be synthesized with varying chain lengths. The one dimensional nature can help control the arrangement of metal ions, enabling realization of SCMs with large D M values. During the last decade, a cobalt based SCM [25, 26] showing magnetic hysteresis below 4 K analogous to SMMs was synthesized and this led to a flurry of activity for synthesizing SCMs. However, the spin glass behavior of SCMs complicates our understanding of the relaxation process in magnetic chains. It has been shown that the anisotropy barrier is known to depend not only on D M , but also on the strength of magnetic exchange J between the spin centers [27] . and D M is very low [28] . The latter approach of using ions with large d is recently being investigated. This has motivated designing SMMs with rare-earth ions which have both large spins and large magnetic anisotropy due to the unquenched orbital angular momentum. This has already resulted in surpassing the U ef f values of some of the most well known transition metal based SMMs like M n 12 Ac. For e.g., the U ef f values of Dy 4 and Dy 5 SMMs are 692K and 528K respectively [29] . However, there are key challenges that still remain to be addressed: (1) increasing the strength of superexchange of 4f ions, (2) overcoming difficulties in tuning exchange due to high ligand coordination. The relaxation processes in lanthanides with large U ef f are considered to be more complex than the thermally activated behavior found in transition metal based SMMs. Apart from the usual QTM and Orbach thermal relaxation processes, a third thermally assisted quantum resonant tunneling [30] in which the ground state relaxes through an excited state has been proposed to understand slow relaxation in these systems.
Theoretical modeling and prediction of D M and E M has been very challenging.
Density functional theoretical (DFT) calculations have been used by Pedersen et. al [31] as well as by Neese et. al [32] to compute anisotropies of SMMs. They obtain the gradient of the potential φ( r) and using s · [ p × ∇φ( r)] as a perturbation, compute the anisotropy constants correct to second order. However, it should be noted that DFT calculations do not conserve total spin of the state or the site-spin. Thus, the ground and the excited states obtained from a DFT calculation do not have spin purity and are and F e 8 . In these two well known systems the magnetic anisotropy is very weak compared to the strength of magnetic exchange interaction. However, there exist many SMMs [35] [36] [37] in which the single-ion anisotropies are comparable in magnitude to the Heisenberg exchange constant J. Since our earlier method is based on a perturbative approach, it can not be applied to systems where d ≥ J ij . This demands that the anisotropy term should be included in the exchange Hamiltonian whose eigenstates are used to compute the molecular anisotropy parameters. The approach that is presented here is very generic and can be applied to compute the anisotropy parameters of any SMMs given the anisotropy tensor of the magnetic centers and spins, irrespective of the relative strength of anisotropy and exchange parameters. In the following section, we present our methodology. In section 3, we discuss the effect of d on mixing of spin states. Then we apply this methodology to model spin chains and discuss the effect of d, scaling of the molecular anisotropy with number of spin sites N , orientation of single-ion anisotropy and dimerization on the molecular magnetic anisotropy. We summarize our results in the last section.
Modeling and Methodology
The full magnetic Hamiltonian of molecular magnets can be described as a sum of the exchange and anisotropic parts,
The exchange part is given byĤ
where, J ij s are the exchange constants which can be be either ferromagnetic (negative) or antiferromagnetic (positive) between site spins s i and s j , connected by an exchange pathway involving the ligands. The spins s are all taken to be isotropic and their value is determined by the metal ion. In this study we consider linear spin chains with site spins s = 1, 3/2 and 2. The general anisotropic Hamiltonian is given bŷ ij is the distance between i and j and can be neglected. Thus, it is sufficient to consider anisotropic interactions on same magnetic center, leading tô
If the magnetic axis of different spin centers differ, thenĤ aniso can be transformed to the laboratory frame, using direction cosines of the local axis α of the magnetic ion.
Thus, eqn. 5 can be rewritten aŝ
where C lα i is the direction cosine of the l th axis of the laboratory frame with the local axis α. In all our studies, we consider only diagonal anisotropy at the sites and rotate all the site anisotropies from the transverse to longitudinal direction of the linear spin chain. Thus the microscopic anisotropic Hamiltonian we consider iŝ
This form ofĤ aniso is used in eqn. (2) in our studies. For a given SMM with many spin centers, theĤ aniso for a total spin state |n, S , can be written aŝ
where, Λ lm is the anisotropy tensor of the molecule, l, m = X, Y, Z are the laboratory coordinate axes. Diagonalizing the 3 × 3 matrix Λ lm to obtain the eigenvalues Λ X , Λ Y and Λ Z , eqn. 5 can be recast aŝ
where |Λ Z | is assumed to be the largest eigenvalue and the corresponding eigenvector defines the z-axis of the SMM. Since, the quantity of interest is the energy level splitting of the spin state |n, S , we can impose the trace of the matrix Λ lm to be zero and define
and writeĤ aniso in the state |n, S aŝ
The first term in the Hamiltonian in the above equation does not commute with the microscopicĤ aniso in eqn. (7). Thus even when the anisotropies of all the site spins are oriented along the z-direction, the molecular anisotropy picks up the transverse or the tunneling anisotropic term E M in eqn. (10) . In ref. [34] , it is shown in detail how D M and E M can be obtained for an eigenstate |n, S from the microscopic Hamiltonian in eqn. 3 using first order perturbation theory. When the single ion anisotropies are comparable to or larger than the exchange strength (|d/J| ≥ 1.0), the above method is not suitable and the full Hamiltonian has to be employed to obtain the energies of the system. In general neitherŜ 2 norŜ z is conserved and one needs to deal with the full Hamiltonian. In our studies, we have considered two different cases, namely (i) |d/J| < 1.0 and (ii) |d/J| ≥ 1.0. In (i), The eigenstates of the exchange Hamiltonian are only weakly perturbed by the anisotropic interactions. We can use the treatment in [34] to obtain the molecular anisotropy constants D M and E M . In (ii) since |d| is of the same magnitude as |J ij |, we diagonalize the full Hamiltonian. The full Hamiltonian no longer conserves total spin and total spin is not a good quantum number. In case the anisotropy of the individual sites are all aligned along the z-axis of the laboratory frame then total S z is conserved. In this case, we can solve the full Hamiltonian in different M S sectors. However, in general the full Hamiltonian needs to be diagonalized in the full Fock space of the spin Hamiltonian, which for N spins of spin s has the dimension (2s+1) N . In principle for strong anisotropy, we can not define the molecular anisotropy constants D M and E M as the spin of the states are not defined. However, on computing the expectation value ofŜ 2 tot in the low-lying states, we find that it is approximately close to S(S + 1), where S is an integer. Thus, we can assume this nearest integer to be the spin S of the state and proceed to compute the molecular anisotropy matrix Λ lm . To obtain the matrix elements of Λ lm , we first compute the matrix elements S, M S |Ĥ aniso |S, M S , whereĤ aniso is from eqn. Table 1 ), when the anisotropy is turned on.
We have also studied spin chains with site spin 3/2 and 2 and we note that there are similar level crossings and the number of level crossing also increase with site spin as shown in fig. 2 for a 2-site system. The qualitative nature of level crossings does not depend upon the topology of the system as we see similar effect of d on energy levels in rings (see fig. S1 in Supporting Information (SI)). For different site spins, the crossing between states within the manifold occurs at nearly the same |d/J| value.
However, the level crossing between multiplets occurs for progressively lower values of |d/J| with increasing site spins.
We calculated the D M and E M values for dimers of s = 1, 3/2 and 2 using two different methods. In the first perturbative approach, the correlation functions required to obtain D M and E M are computed using the eigenstates of the exchange only Hamiltonian (EH). In the second, the correlation functions are calculated from the full Hamiltonian (FH), which includes exchange and anisotropic interactions. In this case, the spin of the states is assumed to be the nearest integer S obtained from the expectation value of Ŝ 2 equated to S(S + 1). In figure 3 
Rotation of anisotropy axis of site spins
In all the studies reported hitherto, we assumed that the anisotropic z-axis to be perpendicular or transverse to the axis of the chain, taken to be x-axis. In this section we explore the effect of rotating the local anisotropy axis around the y-axis which tilts the anisotropy towards the chain axis and for π/2 rotation the anisotropy is along the chain axis. This corresponds to the Euler angles (θ, φ, ψ) given by (0, θ, 0). We have computed D M and E M as a function of the rotation angle θ using the full Hamiltonian eigenstates for computing the correlation functions. This is shown in figure 4 for the three systems corresponding to s = 1, 3/2 and 2 and for a chain length of 8 sites. We find that D M is negative in all cases and can be empirically fitted to
where, δ is 45 o in all cases, D M0 and C are -1.18 and -2.97 for s = 1, -1.08 and -2. is also maximum, although E M /J is always positive and D M /J is always negative.
This implies that the tunneling rate increases for large D M /J. Thus large D M /J does not imply that the blocking temperature of magnetization is high due to fast magnetic relaxations. We see similar kind of nature for ring also (see fig. S2 in SI).
Anisotropy of Magnetic Chains
We now discuss the effect of system size on the anisotropy parameters by studying chain is made up of three non-interacting dimers. In the dimer limit the eigenstates are triply degenerate and the degenerate nature of the eigenstates makes the computation of D M values challenging and requires resolving the degeneracy by forming linear combinations of the degenerate eigenstates. In our study, we limit our discussion to δ values between 0 and 0.9 for the sake of computational simplicity. We find that for both |d/J| = 0.09 and |d/J| = 0.6, the molecular anisotropy parameter increases with δ, but even at δ = 0.9 we do not regain the dimer picture. We also notice that, even in presence of dimerization, the D M values are higher for higher site spins, consistent with our results discussed in the previous section.
Conclusions
We have studied the magnetic anisotropy of a spin chain, given the on-site anisotropy, both in the weak (|d/J| << 1) and strong (|d/J| ≈ 1) anisotropy limits. In the strong anisotropy limit, the anisotropic exchange interaction should be included in the exchange Hamiltonian to obtain the eigenstates in which spin-spin correlation functions are calculated for computing the molecular D M and E M parameters. We note that strong |d/J| leads to breaking the spin symmetries and even for only diagonal site anisotropies, the lowest energy levels with M S = 0 descend below some lowest M S = 0 energy levels. However, large M S = 0 levels still have lowest energies ordered with increasing |M S | values and we may define molecular anisotropy parameters for these states. Besides, the spin expectation values of these states are nearly integers and correspond to the ferromagnetic ground state. We note that the computation of D M and E M using correlation functions only from the eigenstates of the exchange Hamiltonian deviates very strongly from those computed from the eigenstates of the full Hamiltonian. Hence, for all |d/J| values we have computed the molecular anisotropy parameters using the full Hamiltonian. Our studies reveal that |D M /J| and |E M /J|
show a sharp increase with increasing |d/J| and rotating the axis of anisotropy from transverse to longitudinal direction gives a sinusoidal variation in |D M /J| and |E M /J|.
For large negative D M /J we also have large E M /J which leads us to believe that mag-netization relaxation will be rapid. Increase in chain length of the magnetic chain also leads to sharp increase in magnetic anisotropy, so does dimerization of spin chains.
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